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Abstract. Let AI be a closed (compact with no boundary) spher- 
ical CR manifold of dimension 2n + 1. Let M be the universal 
covering of M. Let $ denote a CR developing map 

where 5'^""'"^ is the standard unit sphere in complex n + 1-space 
C""*"""^. Suppose that the CR Yamabe invariant of M is positive. 
Then we show that <i> is injective for n > 3. In the case n ~ 2, we 
also show that $ is injective under the condition: s{M) < 1. It 
then follows that M is uniformizable. 



1. Introduction and statement of the results 

Spherical CR structures are modeled on the boundary of complex 
hyperbolic space. There have been many studies in various aspects 
for this structure (e.g., |3], [18], [11], [11], [9], |2l]). In this paper, 
we study the uniformization problem. Let S'^^'^^ denote the standard 
unit sphere in complex n + 1-space C^~^^. Let us start with the CR 
automorphism group AutcniS'^"''^^) of 5*^""*"^, which is the group of com- 
plex fractional linear transformation SU{n + 1, l)/(center). We have 
the following complex analogue of the Liouville theorem in conformal 
geometry (jlOj). 

Lemma 1.1. Let f he a CR diffeomorphism from a connected open 
set U in 5^"+^ If f {U) C S^^+i, then / is the restriction to f/ of a 
complex fractional linear transformation. 

Let M be a spherical CR manifold of dimension 2n + 1. Let M be 
the universal covering of M. Using analytic continuation and Lemma 
1.1, we gets a CR immersion $ : M — )■ S'^""'"^. The map $ is unique up 
to composition with elements of AutcR{S'^^^^) acting on S'^""''^. Such 
a map $ is called a. CR developing map. 
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We will determine when $ is injective. Let A(M) denote the CR 
Yamabe invariant of M (see fl2.10p in Section 2). In the case of n = 2, 
we also need a condition on another CR invariant s{M) which measures 
the integrability of a positive minimal Green's function Gp on M (see 
Theorem 3.4 in Section 3): 

s{M) := inf {s : / G'^dVe < oo} 

Jm\Up 

where Up is a neighborhood of p. (see (13.61) in Section 3). Observe that 
s{M) < 1 in general (see Theorem 3.5 in Section 3). We have the 
following result. 

Theorem A. Let M be a closed (compact with no boundary) spher- 
ical CR manifold of dimension 2n + 1 with A(M) > 0.. Let M be the 
universal covering of M. Let $ denote a CR developing map 

$ : M ^ 5^"+^ 

Then $ is injective for n > 3. In case n = 2, ^ is injective if we 
further assume s{M) < 1. 

Theorem A implies that a closed spherical CR manifold M with 
A(M) > is uniformizable. Let tti{M) denote the fundamental group 
of M. The CR developing map $ induces a group homomorphism: 

^.■.Tii{M)^AutcR{S^''^^). 

In case $ is injective, the group homomorphism is injective. Note 
that 7ri(M) acts on M by deck transformations. The following result 
follows from Theorem A. 

Corollary B. Suppose that we are in the situation of Theorem A. 
Then M is CR diffeomorphic to the quotient VL/T where VL = $(M) 
C 5'^"+! and T = $*(7ri(M)) for n > 2. Moreover, T is a discrete 
subgroup of AutcniS'^"^^'^^) and acts on Q properly dis continuously. 

The idea of the proof of Theorem A follows a similar line as for the 
conformal case. Basically we will be dealing with the Green's functions 
of the CR invariant sublaplacian (see (12.71) in Section 2) on different 
spaces. In particular, the idea of comparing the pull-back G of the 
Green's function on S'^^'^^ with the (minimal positive) Green's function 
G of M follows the work of Schoen and Yau ([26] or [27]). We reduce the 
injectivity problem to the estimate of the quotient v := ^. As expected. 
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the CR Bochner formula for v contains an extra cross term which has 
no Riemannian analogue. Fortunately we can manage this extra cross 
term by converting it into a term involving a Paneitz-like operator P 
(see (12.31) in Section 2). The nonnegativity of P for n > 2 (see line 
5 in the proof of Proposition 3.2 in [13j or [5]) helps to simplify the 
estimates (see fl4.13p and (14.361) in Section 4). We can finally prove v = 
1, and hence $ is injective under the condition mentioned in Theorem 
A. 

There has been an unpublished paper ([22j) about this uniformiza- 
tion problem, circulating for years. The main difference between our 
paper and [22] is the treatment of the CR Bochner formula. We have 
realized the important role of that Paneitz-like operator P in the CR 
setting of the Bochner formula through the study of some other prob- 
lems in recent years (e.g., [1], [5]). So we can clarify some estimates in 
[22] and conclude a new result in the case of n = 2. 

Based on the uniformization of spherical CR manifolds, in his an- 
other unpublished paper ([23j), using Bony's strong maximum princi- 
ple, Z. Li showed the nonnegativity of the CR mass (see Definition 5.1 
in Section [S]). We state his result as Corollary C: 

Corollary C. Let M be a closed spherical CR manifold with A(M) > 
0. Then, for n > 3, the CR mass Af, > unless M is the standard 
sphere. In case n = 2, the same result also holds if we assume futher 
s{M) < 1. 

Remark 1.1. Notice that Z. Li's arguments are valid, provided that 
the CR developing map $ is injective. We rewrite his proof in Section 
[5l To solve the CR Yamabe problem by producing a minimizer for the 
Yamabe (or Tanaka- Webster) quotient, one needs to work out a test 
function estimate by using the above positive mass theorem. This has 
been done in [23] (see also unpublished notes of Andrea Malchiodi). In 
dimension 3, we also have a positive mass theorem under the condition 
P > through a different approach ([8]). Note that in dimension 3 
(with A(M) > 0), the condition P > is not automatic and is shown 
to be almost equivalent to the embeddability of the underlying CR 
structure ([6], [7]). 
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2115-M-008-017-MY3, and the third author's research was supported 
in part by DMS-0758601. 
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2. BOCHNER FORMULAS AND CR INVARIANT OPERATORS 

Let M be a smooth (meaning C°° throughout the paper) (2n + 1)- 
dimensional (paracompact) manifold. A contact structure or bundle 
,^ on M is a completely nonintegrable 2?T,-dimensional distribution. A 
contact form is a 1-form annihilating ^. Let [M,^) be a contact {2n+l)- 
dimensional manifold with an oriented contact structure ^. There al- 
ways exists a global oriented contact form 6, obtained by patching 
together local ones with a partition of unity. The Reeb vector field 
of 6 is the unique vector field T such that 0{T) = 1 and Ct6 = or 
d6{T, ■) = 0. A Ci?-structure compatible with ^ is a smooth endomor- 
phism J : ^ ^ C such that = —Identity. Let Ti^o C ^ C denote 
the n-dimensional complex subbundle of TM ® C, consisting of eigen- 
vectors of J with eigenvalue i. We will assume throughout that the 
CR structure J is integrable, that is, Ti^o satisfies the condition [Ti^, 
Ti^o] C Ti^Q. A pseudohermitian structure compatible with an oriented 
contact structure ^ is a C-R-structure J compatible with ^ together 
with a global contact form 6. On ^, we define the Levi form Lg : = 
^d9{-, J-). If Le is definite (independent of the choice of contact form), 
M (or (M, ^, J)) is said to be strictly pseudoconvex. We call positive 
if Lg is positive definite (often called Levi metric in this case). We will 
always assume that M is strictly pseudoconvex and 6 is positive. 

Given a pseudohermitian structure (J, 0) (with J integrable and 6 
positive), we can choose complex vector field Za, a = 1, 2, n, eigen- 
vectors of J with eigenvalue and complex 1-form a = 1, 2, n, 
such that {9, 9", 9"} is dual to {T,Z^,Z^} {9" = (r),^^ = (Z„)). It 
follows that 

d9 = ih^-^9''A9~^ 

(summation convention throughout) for some hermitian matrix of func- 
tions {hajs), which is positive definite since M is strictly pseudoconvex 
and 9 is positive. 

The pseudohermitian connection of (J, 9) is the connection V^'^' on 
TM®C (and extended to tensors) given by 

V^-^ Z^ = uJ^Z^, V-'^-Z^ = uJ'^Zji, V-^-T = 

in which the 1-forms Ua'^ are uniquely determined by the following 
equations with a normalization condition ([29], [28], [T9]): 

(2.1) d9^ = rAwZ + A^Ar, 

dhiy^^ = ujoi^hp^ -\- h^pUj^^ . 
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The coefficient A^q, in (12.11) is called the (pseudohermitian) torsion. 
As usual we use the matrix h^-^ to raise and lower indices, e.g., A^-y 
= h^-^A^^^ where is the complex conjugate of A^^. We define 
covariant differentiation with respect to the connection V'^'^'. For a 
real C°° smooth function yj, we have lPq := Tyj, ip^ := Zaf, v^^^ : = 
ZjsZaip — uJa^{Zi3)Z^ip, etc. For the subgradient V^v^, the sublaplacian 
A(,(^, and the subhessian (V^)'^(p, we have the following formulas: 

Vb'-P = V^^^a + '~P°'Za 
A.ip = -(<^„° + <^/) 

Differentiating gives 

= Rp'^p^ef A + iA^'^Op AO^ - iAp^e^' A mod 6 

where Rj3°' pai?> the Tanaka- Webster curvature. Write R^'p '■= R-^' a]3 and 
R := For X = X'^Z^, Y = Y^^Z^ G Ti,o, we define 

Ric{X,Y) = R^-pX'^Y'^ 

Tor{X,Y) = 2Re(iA^^X°F^). 

We recall the pointwise Bochner formula (jl5j): 

(2.2) ^AfclVbV^I^ = -|(V^)Vl'+< Vfc</^,VbA,v;> 

-2Ric{{Vb^)c, (Vfe<^)c) 
+ {n - 2)Tor((Vfe<^)c, C^b^h) 
-2 < JVfe(/?, Vb^Q > 

for a real smooth function (f, where the length | ■ | and the inner product 
< ■, ■ > are with respect to the Levi metric Lq and {'Vb'^)c-= ^"Za- 
We define a Paneitz-like operator P by 

(2.3) Pip := 4:{Lpa°'f3 + inAiia'^°'Y + conjugate. 

Let Ppif := ifa"' p+inApaip"" . For n = 1, the Ci? pluriharmonic functions 
are characterized by Piip = ([20]) while, for n > 2, they are char- 
acterized by Pip = 0. (see [13] in which P is also identified with the 
compatibility operator for solving a certain degenerate Laplace equa- 
tion in the case of n = 1). On the other hand, this operator P is a 
CR analogue of the Paneitz operator in conformal geometry (see [16] 
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for the relation to a CR analogue of the Q-curvature and the log-term 
coefficient in the Szego kernel expansion). On a closed pseudohermi- 
tian (2n + l)-dimensional manifold (M, J, 9), we call P nonnegative if 
there holds 

(2.4) / '^{PLp)dVe > 

J M 

for all real smooth functions ip, in which the volume form dVe = 6 A 
(dO)"'. We need the integrated Bochner formula: 

(2.5) / ifildVe = \ I {^bvfdVe 
Jm ^ Jm 

+ - [ Tori{Vb^)c,{Vb^)c)dVe 

(see Corollary 2.4 in [5j). By Theorem 3.2 in [5J, we learn that P is 
nonnegative for n > 2. It follows from (12. 5 p and (12. 4p that 

(2.6) / ^IdVe < ^ [ {Ah^fdVg 
Jm ^ Jm 

+2k / |Vb<^|We 
J m 

where k := maXgeAf(Ea,/3(^«/3^"'')(9))'^' (note that Ea,/3 ^"/3^"'' is 
independent of the choice of frames and is a nonnegative real function 
on M). 

Let hn := 2 + ^. We define the CR invariant sublaplacian Dq by 

(2.7) De = bnAb + R 

where R denotes the Tanaka- Webster scalar curvature (with respect to 

~ 2 

9 while fixing J). Suppose that 9 = 9 for a positive C°° smooth 
function u. Then for any real smooth function if, there holds 

(2.8) De{uy^) = u^+'iDg{^). 

Letting = 1 in (12. 8 P gives the transformation law for R : 

R = u-^-y^De{u) 

where R denotes the Tanaka- Webster scalar curvature with respect to 
9. The Yamabe problem on a CR manifold is to find u (or 9) such 
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that i? is a given constant. This is the Euler-Lagrange equation of the 
following energy functional: 

Ee{u) := [ {bn\Vtu\^ + Ru^)dVe. 

J M 

for positive smooth functions u such that 

(2.9) I \u\^"dVe = 1. 

Jm 

The CR Yamabe invariant A(M) has the following expression: 

(2.10) X{M) = mi Eeiu) 

where S is the space of positive smooth (with compact support if M 
is noncompact) functions u satisfying (12. 9p . For M closed, it is known 
that A(M) > is equivalent to the existence of a contact form 6 with 
respect to which ^ > 0. 

Let (M, J, 9) be a closed pseudohermitian manifold with R > 0. 
Let r'^(M) denote the nonisotropic Holder space of exponent /3 (page 
181 in [21] or [12] for the local description modelled on the Heisenberg 
group). Following a standard argument in [T] for the elliptic case, we 
obtain 

Proposition 2.1. Let (M, J, 6) be a closed pseudohermitian mani- 
fold with R > 0. Then for any f G r^{M), P a noninteger > 0, there 
exists a unique u e r^+^(M) such that 

De{u) = f. 

Using Proposition 2.1 and a similar construction in flj, we have that 
for any p G M, there is a unique Green's function Gp for Dg with pole 
at p. 

3. The Green's function of the universal covering 

Let ^2^^+^ denote the unit sphere in Let I := TS^''+^ f] Jc^+i 

(XS'^ri+i-^ be the standard contact bundle over S"^""*"^, where Jc^+i de- 
notes the almost complex structure of C^~^^. Let J be the restriction of 
Jc"+i to ^. We call a CR manifold (M, J) (or (M, C,, J), resp.) spher- 
ical if it is locally CR equivalent to (^^n+i^ j) (^^n+i^ j)^ ^esp.) 
(cf. e.g., p5]). Let (M, J, 6') be a closed pseudohermitian manifold of 
dimension 2n + 1 with (M, J) spherical and i? > 0. Let M be the 
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universal covering of M with the CR structure 7r*J and the contact 
form 11*9, where 

TT : M M 

is the canonical projection. It follows that M has no boundary. If 
M is compact, then (M, 7r*J) must be CR equivalent to (S*^""*"-*^, J) 
since it is simply conected and spherical. We will assume that M is 
noncompact (or 7ri(M) is an infinite group) throughout this section. 
We will still use 9 to mean 11*9. Our goal in this section is to study the 
existence of the Green's function for Dq on M and its decay property 
at the geometric boundary of M. 

Let f2 be a relatively compact smooth domain in M and p & Vt. 
We would like to construct the Dirichlet Green's function for the 
domain f2, that is, to prove the following 



Theorem 3.1. There exists a unique G C'^{Q\{p})nG{Q\{p}) 
such that 

De{G^) = 6pmn 
G^lan = 



Once Gp is constructed, the symmetry property Gp{q) = G^{p)is 
due to the fact that Dq is self-adjoint and from the integration by 
parts argument as in the elliptic case. The positivity of Gp is due to 
the fact that the leading order operator of Dg is nonnegative and the 
Tanaka- Webster scalar curvature R is positive. 

As in the elliptic case, the existence of the Dirichlet Green's function 
is equivalent to the solvability of nonhomogeneous Dirichlet problem 
with zero boundary value. So solving (13. ip is reduced to solving the 
following Dirichlet problem.. 



Theorem 3.2. Let Q be a relatively compact smooth domain in M 
and f G r^(n). Then there is a unique u G r^"'"^(f2) fl C{Vl) such that 

(3.2) ^^i") = /infi 



The uniquness of the solution to (13. 2p follows from the following 
lemma. 
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Lemma 3.3. Let Vt he a relatively compact smooth domain in M 
such that for u,v E C^(fi) fl C{Q), there holds 

Deiu) < Dg{v) in n 

u\dn = vIqq. 

Then u < v in Q unless u = v in Q. 

To prove Lemma 3.3, we observe that the leading order part of Dg is a 
subelhptic operator of Hormander's type (sum of square vector fields). 
Then one can apply Sony's arguments without essential change by the 
local nature of this lemma. To prove Theorem 3.2, we use Perron's 
construction which relies heavily on the maximum principle and the 
solvability of the Dirichlet problem for the balls. We remark that the 
key step of proving Theorem 3.2 is to localize the problem. In this 
respect, the CR invariance enables us to reduce the problem on {M,6) 
(J omitted) for Dg to the problem on the Heisenberg group (if", 0) 
for De ([21]). 

We will often call a Heisenberg ball simply a ball in this section. Let 
B denote a small ball in M, identified with a Heisenberg ball in H^. 
There is a positive function G C°°{M) such that 0"^ = G in 5. 
By the known results on if" and the transformation law for Dg, we 
conclude that for each / G r^(i?) and g G C{dB), there is a unique 
u G r^+2(5) n C{B) such that 

Dgiu) = finB 

u\dB = g 

In the Dirichlet problem for Dg on a smooth domain in M, the question 
of continuity up to the boundary is a purely local issue. So we will deal 
with it in the same localizing spirit as above. 

We begin the Perron process by generalizing the notion of subsolution 
in classical elliptic theory to the operator Dg on a smooth domain Q 
in M. Note that Dg has a nonnegative leading order part. 

Definition. A continuous function u in is called a subsolution to 
the equation 

Dgiv) = f 

where / G V^i^Q), [3 a noninteger > 0, if for every ball B <Z<Z VL and v 
such that 

Db{v) = f in B, u < V on dB, 
then we have that u < v in B. 
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Analogously we can define the notion of supersolution as well. These 
notions are completely in parallel to the notions of continuous subhar- 
monic and superharmonic functions in classical elliptic theory. The 
significance of these notions are ensured by the Bony's maximum prin- 
ciple. They also have the following useful properties of sub and super- 
solutions: 

(1) If u G C^{Q), then m is a subsolution (supersolution, resp.) if 
and only if that Dq{u) < f {Dg{u) > f, resp.). 

(2) If Ui, ■ ■ ■ ,Um are subsolutions (supersolutions, resp.) in Q, then 
ma.x{uj : I < j < m} {mm{uj : I < j < m}, resp.) is also a subsolution 
(supersolution, resp.) in ft. 

(3) Suppose that B CC Q and ui satisfies 

Deim) = /inS 
ui — U2 in dB 

where U2 is a subsolution in fl. Then 

_ ( ui in B 
I U2 in Q\B 

is also a subsolution in Q. 



Proof, (of Theorem 3.2) We will carry out the proof in the spirit of 
standard arguments in the elliptic theory. It consists of two main steps: 

Step 1 : Construction of the Perron solution. Consider the 
folUowing set of subsolutions 

S = {v : V is a subsolution for Dg{w) = /, vjea < 0} 

Note that the Tanaka- Webster scalar curvature on M has a positive 
lower bound, say Rq. We observe that ^'^^^^-^^ e S and the constant 

^"j^y^ is a supersolution. Therefore u{x) = sup,yggf (x) is well defined. 

We would like to show that u is the Perron solution, i.e. ^Dqu = / in 
Q. Let p e n be an arbitrary fixed point. By the definition of u, there 
exists a sequence Vm & S such that Vm{p) — >■ u(p). By replacing Vm 
with max{vi, • • • , Vm}, we may assume that the sequence is monotone. 

Now choose a ball B GG Q oi p such that the geometry of B can be 
flattened after a conformal change of a contact form. Let Wm be the 
unique solution satisfying 

Deiw^) = f in B 

Wrr,, = Vrr,. lu OB. 
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It follows from earlier discussion that 

w _ / in 

I Vm in n\B 

is a subsolution in Q. Hence, u{p) > Wm{p) > Vm{p) — > Because 
Wm is monotone increasing in B, the limit = lim„,^oc Wm exists in 
B. As in the elliptic theory, the subelliptic apriori estimates imply that 
the sequence Wm contains a subsequence converging in B, and hence 
1^ is a solution in B and W{p) — u{p). 

We claim that W = u in B to complete step 1. The arguments are 
standard: let g G -B, there is a monotone increasing sequence Qm & S 
such that gg u{q). Let hm solve the equation 

De{w) = / inB 
w = g„i in dB 

where in B, Qm = niax{(7m, fm}- Therefore the sequence is also mono- 
tone increasing and Vm < hm va. B. As before, h — limj„_j,oo hm is 
a solution in B and h{q) — u{q). Since u{p) > h{p) > W{p) — u{p), 
Bony's strong maximum principle implies that W — hm. B. Therefore, 
u is indeed an interior solution. 

Step 2 : Continuity up to the boundary. Fix p e dVt^ we choose 
a small ball B of p such that the boundary of i? fl f2 is smooth and the 
geometry of B can be flattened by choosing a conformal contact form. 
Notice the following two facts: 

(1) There exists Uf which solves the Dirichlet problem: 

D0{uf) = / inSnQ 
Uf ^ md{Bnn). 

(2) The existence of a local barrier at p, that is, for a small ball of 
p, there is a function w e C(B n Q) n C^(S n Q) such that 

Deiw) = OinSnQ,w>OinSn Tt\{p} and wip) = 0. 

We will use this local barrier to construct a global barrier and show 
that the Perron solution u obtained in step 1 is continuous up to the 
boundary. For any e, there exists 6 and K such that 

< e if \x — p\ < S 

and 

Kw{x) > snpuf if |a; — pI > S. 

We will consider wi = —Kw + Uf — e in BnQ. Then we have imme- 
diately that 

DqWi — f and Wi < in B OQ. 
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Consider the following number 

Mk = sup Wi = sup {—Kw — s) = —K{ min w) — e, 

d(Bnn)\dn a(Bnc)\9c d{Bnn)\dn 

and we let 

T/f/ _ / max(wi, Mk) in B (IQ 
Mk in n\B. 

Note that Wi\d{Bnn)\dn = Mk, so Wi G C(f2). It is easy to check 
directly that Wi is a subsolution (when K is large enough). To check 
the boundary behavior of Wi, we note that (when q is very close to p): 

Wi{q) = max{Wi{q), Mk) = -Kw{q) +Uf{q) - e ^ -e 

as g — )■ p. So it is zero at p and negative everywhere else on dQ. 
Therefore, Wi e S and Wi is a global boundary barrier at p. It follows 
that 

lim inf u{q) > limwi(g) = —e. 
Since e is arbitrary, we have the continuity of u up to the boundary. 

□ 



We are now ready to construct a Green's function Gp for Dq with 

pole at p G M. We would also like to discuss its decay properties at 
the infinity. 

Recall that $ : M S^''+^ denotes the CR developing map. Let 
Hy be the Green's function for the CR invariant sublaplacian Dq of 
{S^^~^^ , 9 s2n+i) with the pole y = $(p), where 6g2n+i is the standard 
contact form on 5*^"^^. Since $ is a CR immersion, we can write 

where 6 is the contact form for M and l^'l is a positive smooth 
function on M. By the transformation law fl2.8p of the CR invariant 
sublaplacian, we immediately obtain the following formula 

(3.3) De{\^'\'HyO^)= J2 \^'iP)r%- 

pe*-i(2/) 

Let us consider the following function (with poles in $^^(?/)): 

(3.4) G := |$'(p)r("+2)|$'rifj, o $. 

Since $ is a CR immersion, G is positive, smooth, and DgC = 
on M\^~^{y). Also, G has exactly the same asymptotic behavior at 
each of $~^(?/). We call G the normalized puUback of Hy, which will 
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be taken as a singular barrier in the construction of a global Green's 
function on M through a limit procedure of Dirichlet Green's functions. 

Let {Vtk C Vtk+i : /c = 1, ■ ■ ■ , } be a relatively compact, C°° smooth 
exhaustion of the universal covering M. Take j9 G Note that 

G is positive, and Gp''\gnk = 0. By the maximum principle of Bony, 
we see that 

(3.5) < G. 

away from $^^(?/). Near the point p, we have the following equality: 

De{G-G^'')=0. 

So G — Gp'' is smooth near p by the regularity result for A;, and Dg 
being "covariant" to Dq = 6„Afe, G : standard contact form in the 
Heisenberg group (cf. the argument in the end of the proof of Lemma 
4.1). Therefore we have the following result. 

Theorem 3.4. Let Gp = limfc_^oo G^^ . Then Gp is a positive funda- 
mental solution of Dg with pole at p. Moreover, Gp is minimal among 
all positive fundamental solutions. 

Proof. By the strong maximum principle of Bony and (13. 5p . the se- 
quence of the Green's functions {G^*} is strictly increasing and has an 
upper bound. Thus, away from $~^(y), the limit of G^'^ exists. Next by 
the standard argument using Bony's maximum principle, ^~^{y)\{p} 
is a set of removable singularities for Gp. 

The minimality of Gp follows from its construction, i.e., if Fp is an- 
other global positive fundamental solution on M with pole at p, then 
again Bony's maximum principle implies that Gp'' < Fp for any k, and 
the conclusion follows. 

□ 

We would like to discuss the decay properties of the constructed Gp, 
in particular, its integrability away from the pole p. We define s{M), 
the minimum exponent of the integrability of Gp by 

(3.6) s{M) := inf {s : / G'pdVg < oo} 

Jm\Up 

where Up is a neighborhood of p. 
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Theorem 3.5. s(M) is a CR invariant and satisfies the following 
inequality: 

(3.7) s{M) < 1. 



Proof. For p G M, let Up be a small neighborhood of p with smooth 
boundary. Let {Qk C ^^k+i : k = 1, ■ ■ ■ ,} he a relatively compact, 
smooth exhaustion of the universal covering M. We may assume that 
p & Up C fli. Because the Dirichlet Green's function G^* is smooth in 
^k-i\Up, Bony's maximum principle implies that 

sup Gp'' < sup Gp'' < sup Gp'' < max Gp 

Therefore we may (C°°) smoothly extend Gp'' into Up with the ex- 
tension smaller than maxQu^ Gp, but positive. Denote this extension 
(which is a smooth function over Qk-i) by Gp''. 

For each a > 0, let Uk be the solution to the following Dirichlet 
problem: 

Deiu) = (G^'^)" in 
M|an,_i = 0. 
By the weak maximum principle, we obtain 

/o ON / (maxac/^ Gp)" 
(3.8) maxuk < 

f^fc-l Rq 

where RoJ> is the lower bound of the Tanaka- Webster scalar curva- 
ture of M. By the solution representation in Qk-i, we have 



(3.9) Ukip) = [ G^''^^{q){G^''{q)rdVe{q) 

> I G^p''--{q){G'i''{q)rdVe{q) 

By the monotonicity of Gp'' and letting A; — )■ oo, we conclude that 

i+„ . , (maxac/^ Gp)" 



Gt+''dVf) < 

M\Up 



^ Ro 



from (13. 9p and (13. 8p . So (13.71) follows. Finally, we need to show that 
s{M) is a well defined GR invariant. It is routine to check that the 
definition of s{M) is independent of the choice of Up. Also s{M) is 
independent of the choice of contact form from the transformation law 
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of Green's functions with respect to two different contact forms (cf. 
Proposition 2.6 of Chapter VI in [27] for the conformal case). 

□ 

Let p denote the Carnot-Caratheodory distance on M with respect 
to the Levi metric (see, e.g., [25j). Let Brij)) C M denote the ball 
of radius r, centered at p, with respect to the Carnot-Caratheodory 
distance p. From Theorem 3.5 and a Moser's iteration procedure, we 
have the following result. 

Proposition 3.6. There holds 

lim (sup{G'p(a;) : p{x,p) > r}) = 0. 



Proof. Recall that 6„ := 2 + ^. By Theorem 3.5, jM\u^Gl''dVg < oo. 
Thus we have 



Jim / Gl"dVe = 0. 

Therefore it is enough to establish the estimate 

/ Gl^dVe for all x e M\B2{p) 

Jbi{x) J 

where Bi{x) is a ball of radius 1, centered at x. First, we have the 
equation for Gp 

AbGp + ^RGp = on MXB^ip). 

Take g >&-«:= 2 + |. Multiplying the above formula by G^^V^ cind 
integrating by parts give 

(3.10) (g - 1) !(t?Gl'^\V,Gp\'dVe + ^ fRGl<p^dVe 

Jm '^n Jm 

< 2 f<j)Gl''\Vt(l)\\VbGp\dVe 

Jm 

< a [(l)^Gl-^\V,Gp\^dVe + - !\V,ct>\^GldVe 

Jm 01 Jm 

for all a > 0. Here G C^{M\B{p)). Taking a = g - 2 in fl3:T0|) . we 

get 

(3.11) [^'Gl-^\VbGp\^dVe < f \Vb^\'GldVe 
Jm ? ~ ^ Jm 
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by i? > and Gp > 0. On the other hand, taking a = 1 in f l3.10p gives 
(3.12) 

2 f(j)Gl-'\VMVtGp\dVe< [<j)^Gl-^\VhGp\^dVe+ f\Vt(p\^GldVe 
Jm Jm Jm 



<(^) 



M 



\V,<l)\^GldVe. 



by fimi) . It then follows from fl332|) that 
(3.13) 

\V,{<j)Gf)\' + ^R(j)'Gl] dVe 



- Im ('^''^''^^ + j^l^'Gl-^l'^.GX + q(f)Gl~'\V,(l)\\VtGp\ + yR(i>''Gl^ 



for some constant C„ independent of q. Applying the Sobolev inequal- 
ity 

^ 2/bn 

(l)\'"dVo 



M 



,j < A(M)-i 



M 



+ —R(f)' dVe 



(note that A(M) > 0. In fact, A(M) = A(52"+i) a CR analogue of 
Theorem 2.2 of Chapter VI in [27]), we obtain 

2/bn 



M 



(3.14) 



<A(M) 



-1 



M 



Vt{<pGf)\^ + -R4>'Gl]dVe 



<Cnq' !{\Vb<p? + <p')GldVe 
Jm 



by (13.131) for some constant C„ independent of q. 
We will use f l3.14p repeatedly with 



2r, qk = qor , with r 



n + 1 



n 



Define a sequence of cut-off functions as follows. Set = 1, = 
1 — ^JL^ 3~* for > 1, and we require that for each k the function 



G C^{M) satisfies 



1, yeBa^{x) 
0, y^i?a,_,(x) 
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O<0fc<l, |Vb0,|<2-3^ 

Then iteratively we get from (13.141) that 



(3.15) 




Since the product converges as A; — )■ cxd, we can take the hmit k ^ oo 
in iKT5\i to get 

sup G,{y)<c( / G'-dv) . 

y(^Bi{x) \Jb^(x) J 

This completes the proof. 

□ 



4. Injectivity of the GR developing map 

Let p e M, and recall that Gp denotes the minimal positive Green's 
function for the GR invariant sublaplacian Dq with pole at p. Let 
$ : M ^ ^2n+i i^g a developing map. Recall that Hy denotes the 
Green's function for the GR invariant sublaplacian Dq of 5*^"^^ with 
the pole ?/ = $(p). The normalized puUback of Hy is 

G = |<l>'(p)|-("+2)|$'piJj^o<|> 

which has poles in $'"^(?/). Observe that $ is one to one if and only if 
$~^(y) = {p\. Therefore to prove injectivity of $, it suffices to prove 
Gp = G . 

For any y G S*^"^^, the Cayley transform is a global GR diffeomor- 
phism 

with Gy{%j) = CO and 

This means that {S'^"'~^^\{y} , Hy 9 32^+1) is Heisenberg flat. Now we 
have 
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(4.1) |$'(p)|^^$*oq(0) = |$'(p)|^^$*(ifj7^s2„+i) 

= I {P) I ^'""^^^ {Hy O $) n^*6s2n + l 

= |$'(p)|"^(i/,0$)t|$'|2^ 

= (i$'(p)r("+')(//j,o$)i$'i")i0 

= G-e. 

. _ 2_ 

It follows from, (14. ip that (M, Q := G"9) is Heisenberg flat away from 

Cosider the quotient of Gp and G : 

._ 

^ '~ 'W' 

By fl3.5p we have G — Gp > away from $^^(|/). So there holds 

< i; < 1 

away from Taking u = Gp and (/? = 1 in (12.80 , we obtain that 

on M\{p}: 

(4.2) R{Gle) = G;'~"De{Gp) = 0. 

Here for a contact form rj, R{ri) or i?^ means the Tanaka- Webster scalar 
curvature with respect to f]. Writing Gp 6 = Vn9, we get 

= R{G^e) = R{v^9) = v-^-^D-q{v) 

away from $"^(?/) by (14.20 and (12. 8p with u = v and = 1. Therefore 
we have 

(4.3) {h^A^ + R-s){v)=h^A^{v) = Q 

by noting that -Rg = 0. We would like to examine the asymptotic 
behavior of v near $^^(?/). We will often write the coordinates {zi, 

t) in iJ" by (2;, t) where z = {zi, Zn)- Define the Heisenberg 
norm PQ{z,t) := d^;!"^ H-t^)^/"^. Denote the fundamental solution to Dq 
= bn^b by c{n)pQ{z,t)~'^"- for some dimensional constant c(n) ([12]). 

Lemma 4.1. For eac/i p G $^"'^(?/), we can choose a coordinate map 
{z,t) : M — !■ if*^ and a smooth function u near p such that {z{p),t{p)) 
= (0, 0) and there hold 

(4.4) Gp{z,t) = c{n)u{p)upQ{z,t)~'^^ + a smooth function 



near p 
(4.5) 

near p 

Proof. Let —y G S*^"^^ be the antipodal point of y G S*^"^^. Consider 
the Cayley transform C-y (with pole at —y). Obviously, C-yiy) = G 
i/" and 

(4.6) {czir{H%es2.^^) = e 

It follows from f l4.6p that 

(4.7) (C_y o$)*e = (iJ_y o$)i|$'|20. 

Here we have written ^*{9s2n+i) = Let u := (i/_y o $)|$'|"-. We 

can then write fl4.7p as 

(4.8) (C_y o $)*e = 

near g G $~^(y). Take C_y o $ : Af — )■ if" as a coordinate map {z,t). 
By dM]) and in Section 2 with = c(n)po(z, t)-^", we obtain 

D,(uc(n)po(^,t)-'") = u'+^De{c{n)p,{z,tr''^) 

= M "(3(0,0)- 

Note that the volume change formula is {{C-y o $)*) A (c/O)" = 
u'^+^e A (rf^)". So in view of Theorem 3.4, ([331), and ([33D,-we have 

(4.9) De(G'p-n(p)nc(n)po(^,t)-'") = 0, 
De{G-u{p)uc{n)po{z,ty^'') = 

near p, p E $^^(?/), resp.. By applying (12.81) we obtain 

(4.10) D^c^^,^ye{u-\Gp-u{p)uc{n)p^{z,t)-^'') = 
D(^c.yo'i>r0{u-\G -u{p)uc{n)po{z,t)-^'') = 

according to fHl8l) and (l49l) . Observe that -R(c_yo#)-e = {C-y o $)*-Re 
= i?e ° (C'-j; o $) = 0. Hence -D(c_yo4«)*e = K^b- By the regularity 
result for A;, (e.g.. Theorem 16.7 in [12]), we have (14.41) and (14.51) from 
dHOD and Gp,.G, Po(^,^)"'" being Ll^. 

□ 

By Lemma 4.1 we deduce that near p (which is a pole of G): 

v{z,t) = l + 0{pl''), 
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p and 

G{z,t) = c{n)u{q)upQ{z,ty'^'"' + a smooth function 
q, resp.. 
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and near p e $^^(?/) \ {p} 

v{z,t) = Oipln. 

since Gp is smooth near any p G \ {p}. From Lemma 4.1 we 

also have 

\V,v\ = 0{pl-'), 
mVbvW = 0(p2-2),A,^ = o(p2"-2) 

near any p G ^~^{y). 

With the asymptotic behavior of Gp, G, and v near any p G $~^(?/) 
understood, we observe that the set ^~^{y) has no contribution when 
we play the integration by parts in the computation below throughout 
the remaining section. We would like to show that f is a constant, and 
hence is identically one since v{p) = 1. Write G, dV instead of Gp, dVg 
for short in the remaining section. Also note that the notation C may 
mean different constants. 

Lemma 4.2. There exists a constant C > such that for any 
(j) G C^(M) there holds 

(4.11) [(l)^\VblogG\''dV < C / (^'iVfelogGp + iVfe^n^K 
Jm Jm 

Proof. Away from ^^^{y) we have 

AblogG = G'^AbG - i-G'^lVbW) 
= G'^AbG+\VblogG\^ 

(4.12) =-b-'Ri9) + \VaogG\^ 
= G-^AbG+\VblogG\^ 

= AbhgG- |V,logG|2 + |V,logG|' 

Multiplying 0^ on both sides of fl4.12p and integrating by parts, we 
obtain 

!(t?\Vb\ogG\^dV= !(t?\Vb\ogG\^dV + 2 !(tNb(t){Vb\ogG-Vb\ogG)dV 
Jm Jm Jm 

<C [{<p^\VblogG\^ + \Vb<P\^)dV. 
Jm 

for some constant C by noting that the boundary integral around p G 
$~^(?/) tends to zero. Here we have used the Schwarz inequality with 
e in the last inequality. 
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□ 



Let T (Vfc, At, dV , R = Rq, etc., resp.) denote the corresponding 
quantity of T (V^, A;,, dV, R, etc., resp.) with respect to 9 (while fixing 



Lemma 4.3. There holds Vq := Tv = in either of the following 
cases: 

(a) n > 3 

(b) n = 2 and s{M) < 1. 

Proof. First observe that the Paneitz-hke operator P is nonnegative 
for V? e C^{M) in [Ml if n > 2 (Extending Theorem 3.2 in ^ to this 
situation). With respect to 6 (Heisenberg fiat), the torsion vanishes 
and hence k = in (12. 6p . Therefore by extending (12. 6p to the situation 
for 6 (singular at p G $~^(?/)) in view of the asymptotic behavior of v 
discussed before, we have 



= C{I + 11) 

for e C^{M), where / = j^^v'^(K^,(l)fdV and // = j^^ | Vfe^H V^i^prfF. 



J). 



(4.13) 




Rewrite 



(4.14) 




where 



(4.15) 



< 



' g' ' 

\vVi, log G - vVi,\ogG\^ 
C(t;2|VfelogG'p + t;2|V;,logG|2). 
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Let g' := ■ Then g' > 1 if and only if n > 3. From fl4.15p we have 

G''\Vtv\^ <C{v''G''\Vt\ogG\^ + v^G''\Vt\ogGf) 

(4.16) = Cv'-'^' (G^' I log G 1 2 + G^' | log G H 

<GG'^'(|V,logG|2+|V,logGn. 

Recall that Bp{p) C M denote the ball of radius p, centered at p, with 
respect to the Carnot-Caratheodory distance. Substituting (I4.16p into 
fHrT4|) . we get 

(4.17) // < Gp-2 [ G^'dV.logGp + \VblogG\^)dV 

JB2p{p)\Bp{p) 

by taking a cutoff function such that O<0<1, 0=lon Bp{p), 



on {M\B2p{p)), and |V50| < 



c 



M 



Taking = ipG^ in ( KWf . ^ G G^{M\{p}), we get 
^'G-^'lVfelogGlW 

(4.18) < G / (^^G-^'lVfelogGp + |V,(G^'/2^)nrfl^ 

J A/ 

< G / (V''|V6logG|2 + iVfeT^nG^'dK 

Note that the integral of |Vb log GpG'^' over a region containing p di- 
verges (this is why we need ip compactly supported away from p). 
Choosing ip such that O<'0<l,'0 = lon B2p{p)\Bp{p), ■0 = on 

Bp/2{p) U {M\Bip{p)), and |VbV| < we get 

(4.19) n<Gp-^f G^'(l + iVfclogGHc/l^ 

from fl4T7|) and fl4?T8|) (for p large). 
For / = J-^v'^{Ab(j))'^dV, since 



(6„Ab + i?)0 = G ' " (6„Ab + i?e)(G0), 



we have 



6„Ab0 = G"'"" (6„(0A,G + GAf,0 - 2Vfe0VbG) + i?eG0) 
(4.20) = G"'-" (0(6„AbG + i?eG) + 6„(GA,0 - 2V,0VbG)) 

= bn(G^At(t> - 2G"'"" Vb0VfeG), 
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that is, 

(4.21) Ab0 = G^A;,0-2G"^""V60V6G. 
By fOTD we have 

(4.22) / = lv^(G~Ab(j)-2G~^~~Vb(f)VbGfdV 

Jm 

< c{!v\^fdV+ !v'G-^--\Vb<P?\VbWdV) 
Jm Jm 

= C{III + IV) 

where 

(4.23) /// = fv\^fdV 

Jm 

Jm G 

r 2(n+l) 4 n 

= l{Ab(l)fG^G " " dV 
Jm 

< Gp-^ [ G^-^dV 

and 

(4.24) IV = [v^G'^^^\Vb(f>\^\VbWdV 

Jm 

= [v'G^\Vb<P\'\VbG\'dV 
Jm 

= fv^G''^\\/b(t>\'\Vb\ogG\'dV 

J M 

< [\Vb(p\'G'^'\Vb\ogG\^dV 
Jm 

< Gp-^ [ G'''\VblogG\''dV 

by a suitable choice of (j). Again we let (j) = ipG'^'^'^ in Lemma 4.2, where 
G G^{M \ {p}). By choosing ip suitably, we can convert fl4.24p into 

(4.25) IV<Gp-^[ G'''{l + \VblogG\^)dV. 
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Finally we are going to show that 

'dV 



(4.26) II {IV, resp.) < Cp-^ [ G^' c 

Jm\B„m 

(recall that q' = 2 — ^) for n > 3, and 

(4.27) // {IV, resp.) < Cp-^ I C^dV 



A/\Bp/, 



4 



for n = 2, in which q < 1. First consider the case (a) n > 3. So g' > 1. 
Now bnAfyG + RgG = (away from p) and Rg > G > 0. This implies 
that 

AbG = -b-^ReG < -b'^GG 

Multiplying by (j?G'^'~^ with G G'^{M\{p]) and integrating by parts 
give 



M 



> / ^^G^'-^AbG dV 

Vb{<P^G^'-^)VbGdV 
= / 20G"?'-V60VbGdV + {q' - 1) [(f)^G'''-^\VbG\^dV 

J M J M 

By Young's inequality with e, we get 

(4.28) !(t)'^G'^'~^\VbG\^dV<G / G"^'|Vf,0|W 

(noting that we have used the fact g' > 1). By choosing (j) appropriately 
in fOSj) and observing that V^Gp = G^'lV^logGp, we obtain 

(4.29) I G^'lVblogGp < /" G'^'dV 

JBip{p)\Bp,2{p) JBsp{p)\Bp,^{p) 

So we have ^Mi for // {IV, resp.) by dHH]) and (ICTll ((S^SD and 
(I429D, resp.). 

For the case {b), n = 2 implies q' = 1. From bnA^G + RgG = where 
I -Re I < c we have 

AbG = -b-^ReG > -b'^cG, 

that is, 

< AbG + b-^cG 
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Multiplying by cjy^G^'^ with g < 1, G C^{M\{p}) and integrating 
by parts give 

(4.30) 



0< / (j)^G^-^AhGdV + b-^c l(j)^G'^dV 

' J M 

Wb{(j>^G^-')VbGdV + b-^c [(P^G^dV 

Jm 

[2(l)G^~'Vb(i)VbGdV + b-'c [(P^G^dV + {q- 1) [(l)^G^~^\VbG\ 
Jm Jm Jm 



From fl4.30p we have 



< 



(1-g) l(l)'G'i-'\VbG\'dV 
Jm 

2 [(l)G^~^\Vb(l)\\VbG\dV + b-'c [(P^G^dV 
Jm Jm 

By Young's inequality with e, we obtain 

!<p^G^-^\VbG\^dV < G{ !G^\Vb<P?dV + iG^^j^dV). 
Jm Jm Jm 

Since > G~^ on M\K for some compact subset K by Proposition 
3.6, we have 

(4.31) l(l?G~^\VbG\^dV<G{lG^\Vb(t)?dV+ lG^(t?dV). 
Jm Jm Jm 

Observing that G~^|VfeG'p = GlVfologGp and choosing a suitable cut- 
off function in fl4.3ip . we obtain 

(4.32) [ G\Vb\ogG\^dV <G{\ + 1) [ G^dV. 

JB4p{p)\Bp^2{p) P J Bsp{p)\Bp/i{p) 

Thus we have KTT} for // {IV, resp.) by flCTj) and (K32^ (( K25\f and 
f l4.32p . resp.) for p large in view of Proposition 3.6. 

By (13. 7p and the assumption s{M) < 1 for = 2, we have the 
convergence of the integrals in (14.261) and (14.271) (in fact, both of them 
tend to zero as p — )■ oo). So as p — )■ oo, II and IV go to zero. On the 
other hand, it is clear that /// goes to zero as p — )■ oo by (I4.23P and 
flO) . So from (Km and K22^ we conclude that Vq = 0. 

□ 
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Proof, (of Theorem A) 

We need only to prove f := £ = 1. Let q = We first prove that 

Cr n-\- L 

for any G C^{M) there holds 

(4.33) !(t)'^\Vbv\^-^\Vi,\Vbv\\^dV<C [\Vb(p\^G''\Vbv\''dV 
Jm Jm 



2 



for some constant C. Since AbV = 0, 6 = G" 6 is fiat (hence Ric and 
Tor vanish), and f g = by Lemma 4.3, we reduce the Bochner formula 
( 1^ to 

(4.34) hA,\Vbv\' = -liV'^Yvl'. 
Observe that 

(4.35) mVbv\\'<\(W''Yv\'. 
For g > 1 we compute 

(4.36) 

Ab\Vbv\'^ = Ab{\Vbv\y^ 

= l{\^M')"~'^b\^tv\' - |(| - l){\Vbv\')'^''\Vb\Vbv\r 

= l\Vbvr'Ab\Wbv\' - ^-^^\Vbvr'\Wb\Vbv\'\' 

< -qiq - l)\Vbv\'''^\Vb\Vbv\\^ 

= ~C,\Vbv\'>~^\Vb\Vbv\\^ 

where Cq = q{q — 1) > for n > 2. For the inequality in f l4.36p we 
have used (gSSD- Consider first the case (p e C^{M\ $"^(?/)). 

Multiplying fl4.36p by 0^ and integrating by parts, we get 



f\Vb\Vbv\\^\Vbv\''-^dV< -C-^ l(l)^Ab\Vbv\'^dV 
M Jm 



IVb{<p')Vb\Vbv\HV 
Jm 

< 2gC-i fmVb(j)\\Vbvr'\Vb\Vbv\\dV 
Jm 

Jm 



for some constant C'^, where the last inequality is deduced by applying 
the Schwarz (or Young's) inequality with e. Now we change the integral 
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on the right hand side to a corresponding one using the form 9 and get 

M JaI 

2(n + l)-2-q 



C' l\Vbm'^bv\''G " dV. 



M 



Observe that q = imphes ^^"'^'''^ ^ = <i- We have shown the 
desired inequahty g33]) for (p G C^(M \ $^^2/)). 
Now for G C^(M), we consider ■i/'^^ where is a cutoff function 
such that for each p G $~^(?/), ■j/'^ = in Br{p), '?/'^ = 1 on M \ i?2r(p), 
and < < 1 (r small so that -B2r(pi) H B2r{p2) is empty for any 
pair of points pi, p2 ^ We also require that |Vb'?/',,| < 2r~^. 

Applying f l4.33p for i'j.cj), we have 



[il^lcj)''\Vb\Vbv\\^\Vbv\''-^dV 
Jm 



<Ci [ijl\Vb(j)f\Vbv\''G'dV + C2 f(f)''\Vb^f\Vtv\''G'dV. 
Jm Jm 

Noticing that the last integral has order ©(r^"""^) — )■ 0, as r — )■ 0, we 
see that gSl holds for G C^{M). 
Next we are going to prove 



\Vbv\''-^\Vb\Vbv\^dV 

(4.37) ""^"^^^ 

<Cp-^ G"'(l + |VfelogG'|')c/l/, 

where p > is sufficiently large and C is a constant. We want to make 
use of (031) . Note that 

G'\Vbv\''=\GVbv\'' 

(4.38) = \VbG - GG'\bG\' 

<C{\VbG\'i + G''\VblogG\''). 

Thus, if we take G C^{M) such that = 1 in Bp{p),(f) = on 
M\B2p{p), < < 1 and |V60| < 2p-\ We see from (ICTD and (ICTD 
that 
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(4.39) 

/ \Vtv\''-^\Vt\Vbv\\'dV < [<p^\Vbv\''-^\Vb\Vtv\\^dV 

JBo(p) Jm 



<Cp-^ [ (|VfcGr + G"?|VblogGr)dK 

JBoJv)\BJv) 



' B2p{p)\Bp(p) 

Let a = ^2—^, Note that q < 2. By Young's inequality we have 



(4.40) 



and 



iVbGI" = G"G-"|V;,G|'? 

< C{G''^^ +G-''l\VbG\^) 

< CiG" + G'^-^\VbG\^) 
= CG'?(l + |VfelogG'|2), 



G^|V,logG|^ = G^^^ 

Gr 

(4.41) ^ ^^ GG\l + \VaogG\') 

G" 

= CG"^(l + |V6logG|2). 
So from flCT]) . f O0|) . and flCTj) . we obtain 

(4.42) """"^^^ 

<Cp-2 / ^^(1 + iVblogGp + \VaogG\^)dV. 

Jb2p\Bp 

Taking (j) = ipG^ in Lemma 4.2, where G C^(M \ {p}), we have 
^^G«|VfelogG|W 



(4.43) <G / (^'G^|VblogG|2 + Vb(^G2)|2)rf\/ 



7m 
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Choosing the cutoff function %Ij appropriately in (14.431) . we get 

(4.44) ! G''\Vb\ogG\'^dV 

JB2p\Bp 

< C [ G«(l + iVblogGHdy 

for p large. Substituting (I4.44p into (I4.42p gives (14.371) . 

Since bnAbG + RgG = on M \ {p} and Re > C > 0, we have 
AhG = -b-^ReG < -b'^CG 

Multiplying by (j?G'^~^ with G C^{M\{p]) and integrating by parts 
give 

0> [(l)^G''-\AbG)dV 
Jm 

(4.45) = [Vb{(p^G''-')VbGdV 

Jm 

= [2(l)G''-^Vb(j)VbGdV+{q - 1) l(t?G''-^\VbG\^dV. 
Jm Jm 

Applying the Schwarz inequality with e to (I4.45p . we obtain 



(4.46) l(t)'G''-'\WbG\'dV<C lG''\Wb(pVdV. 
Jm Jm 

Noting that G"'~^|V;,G'p = C^lVfclogGp and choosing some appropri- 
ate in (14.461) . we can reduce (14.371) to 

(4.47) / iVbyl^-^lVblVbyW^dV <Cp-^ [ G^dV. 

Jspip) JM\Bp/i 

By (13. 7p G'^ is integrable since q = > 1 for n > 2. So letting p — )■ oo 
in (I4.47P we get 

|Vfef I = const. 

Since |Vbf I = G'^lVbG — vVbG] — )■ at p by Lemma 4.1, we have V^f 
= 0. So 17 = const.. From f — )■ 1 at p, we conclude that v = 1. □ 

5. The positive CR mass theorem 

In this section, according to the work of Li in [23], we would like to 
introduce a positive mass theroem for spherical CR manifolds. Let M 
be a closed spherical CR manifold, M be its universal cover and 

TT : M — > M 
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be the canonical projection map, 

$ : M ^ 5^"+^ 

be a CR developing map. We would like to construct local coordinates 
near each point b of M. There is a local inverse tt"^ as follows: 

-.Ub — >M, 

where Ub is a neighborhood of 6 G M. Let q — ^{p) £ S^'^'^^, where 
p e 7r~^(6), the local CR transformation 

T = CqO^ OTV-^ -.Ub > H"" 

provides M a local coordinate {z,t) G H"^ such that {z{b),t{b)) = oo. 
Here Cg : 5'^'*"'"^ — > is the Cayley transform with pole at g, i.e. 
Cq{q) — oo. We will call such coordinates "spherical CR coordinates 
near oo". 

Let Gb be the Green's function of Dg with pole at b. It follows that 
there is a positive smooth function h = h{z, t) defined on i7" near oo 
such that 

(5.1) {T-^y{G^e) = h^Q. 

By positive constant rescaling we may assume that the complex Jaco- 
bian at p is |$ = 1. Let p{z,t) = {\z\^ + t'^Y^^ be the Heisenberg 
norm on if". Therefore, We have the following asymptotic expansion 
oi h — h{z, t) near oo: 

Lemma 5.1. Let M be a closed spherical CR manifold which is not 
the standard sphere. Suppose the CR developing map is injective. Let 
h be defined as above. Then we have, near oo, 

h = h{z,t) > 1 

and 

h{z, t)^l + Ab- p{z, ty^ + 0{p{z, ty^-^). 

Proof. Since the projection tt doesn't change geometry, it follows that 
near x G T:~^{b): 

where the left hand side is over M and the right hand side is over M. 
For b E M and x G 7r~^(6), let dx be the Dirac delta function with pole 
at X. Therefore, 

Dg{7r*Gb)= Yl 

xeTV-^{b) 
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SO 71* Gb has poles precisely in the set vr^^(6) C M. For each fixed 
pen-\b), _ 

De{Gp) = Sp. 

Therefore TT*Gb — Gp is bounded near p. On the other hand, by the 
normalization |$ {p)\ = 1 and $ is injective, we have 

G;e = <i>*{H}9s2n+i), 

it follows that globally on M \ p 



(5.2) iiG,o^)-^riG;e) = Q. 



_2 

■p ' 

From equations (15. ip and (I5.2p and that 7r*Gfe and Gp have the same 
pole strength near p, 

h{oo) = lim h{z,t) = 1. 

(z,t)—^oo 

On the other hand, because Gp is the minimal Green's function for Dg 
on M, Sony's strong maximum principle implies that globally on M: 

n*Gb > Gp, 

which by equations (15. ip and (15. 2 p that for {z,t) near oo, we have 
h = h{z,t) > 1. 

Next, we would like to show the asymptotic expansion of the function 
h = h{z,t) near oo. By the transformation rule of the CR invariant 

sublaplacian, we have R{G^ff) = globally on M\ {b}, where R{Gl^9) 

2_ 

is the Webster curvature with respect to the contact form G^'O. Using 
the transformation rule again we have D^lh) = for {z,t) in a neigh- 
borhhod of oo G H". It follows that (since h is regular near oo and 
h{oo) = 1): 

h{z, t) = 1 + c_i ■ + ■ ■ ■ + A ■ + 0(p-2-i). 
Consider the global CR inversion : \ — > \ as follows: 

i^{z,t) = {z,i) = {-z/w,t/\w\^), 
where w = t + i\z\'^ . Consider the following standard contact form 



e{z, t) = dt-i ^(2° ■ dz"" - 2° ■ rfz"), 

and 

n 

9(5, t) = di-i ^(5" ■ rfz" - z^ ■ dz""). 



a=l 
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It follows that p{z,ty = \w\ = \w\^^ = p{z^t)^'^ and 

e(z,t) = i^r' ■ Q{z,t) = (p(z,t)2")^ ■ eiz,t). 

Therefore, 

h{z,t)^ ■ Q{z,t) = {h{z,i) ■ pizj)-^"")^ ■e{z,i). 

By the facts that R(h{z,t) ■ Q{z,t)) = and Q{z,i) and the trasfor- 
mation rule of the CR invariant sublaplacian, it follows that near but 
away from the origin in H", we have 

De(^^{h{z,i) ■ p{z,i)-'") = 0,and De(£,f)P(^, " = 0- 
Therefore, near but away fron the origin in if": 

Dem)ih{z,i) ■ p{z,ir'- - p{z,ir'n = 

and note that 

h{z,i) ■ p{z,i)-'^ - p{z,i)-'^ 

=C_i ■ p{z, + . . . + c_2n+l " p{z, t)"^ + A + 0{p{z, t)). 

A standard removable singularity argument (Proposition 5.17 in [21]) 
implies that 

C-l = • • • = C_2n+1 = 0. 

Therefore, we have the following aymptotic expansion oi h = h{z, t) 
near oo: 

hiz, t) = 1 + A ■ p{z, + 0{piz, 

This completes the lemma. □ 

Definition 5.1. We call the constant At, CR mass. 

We would like to remark that the constant Ab doesn't depend on the 
choice of local coordinates near b & M (see [23] )• Corollary C states 
the positivity of the CR mass. 

Proof, (of Corollary C) 

By Theorem A, $ is injective. It follows from Lemma 5.1 that for 
{z, t) near oo 

h = h{z, t) = l + Ak- p{z, t)-2" + 0{p{z, > 1. 

Let -Bl(O) be a ball on if" centered at and with radius L such that 

m = min (h — 1) > 0. 

OBUO) 

Since in ii"\5L(0), 

De{h - 1) = De(mi:2"p"'") = 
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and 

we conclude from Bony's maximum principle that in if" \ Bl(0), 

h-l> rnL'^p-'". 
Therefore, A > mL^" > 0. □ 
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